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Abstract 



< 

I We study asymptotic dynamics of a coupled system consisting of 

linearized 3D Navier-Stokes equations in a bounded domain and a 
classical (nonlinear) elastic plate equation for transversal displacement 
on a flexible flat part of the boundary. We show that this problem 
generates a semiflow on appropriate phase space. Our main result 
^ . states the existence of a compact finite-dimensional global attractor 

' for this semiflow. We do not assume any kind of mechanical damping 

. in the plate component. Thus our results means that dissipation of 

' the energy in the fluid due to viscosity is sufficient to stabilize the sys- 

Q>^ . tem. To achieve the result we first study the corresponding linearized 

' model and show that this linear model generates strongly continuous 

exponentially stable semigroup. 
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1 Introduction 



We consider a coupled (hybrid) system which describes interaction of a ho- 
mogeneous viscous incompressible fluid which occupies a domain O bounded 
by the (solid) walls of the container S and a horizontal boundary on which 
a thin (nonlinear) elastic plate is placed. The motion of the fluid is described 
by linearized 3D Navier-Stokes equations. To describe deformations of the 
plate we consider a generalized plate model which accounts only for transver- 
sal displacements and covers a general large deflection Karman type model 

* e- mail : chueshov @ uni ver . kharkov . ua 
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(see, e.g., [M1E51I2S] and also [15] and the references therein). However, our 
results can be also applied in the cases of nonlinear Berger and Kirchhoff 
plates (see the discussion in Section 14. ip . 

This fluid-structure interaction model assumes that large deflections of 
the plate produce small effect on the fluid. This corresponds to the case 
when the fluid fills the container which is large in comparison with the size 
of the plate. 

We note that the mathematical studies of the problem of fluid-structure 
interaction in the case of viscous fluids and elastic plates/bodies have a long 
history. We refer to [9l [T9l [20l [2H [22] and the references therein for the 
case of plates/membranes, to [16] in the case of moving elastic bodies, and 
to [U El [3l El [3 [IB] in the case of elastic bodies with the fixed interface; see 
also the literature cited in these references. 

Our mathematical model is formulated as follows. 

Let O C be a bounded domain with a sufficiently smooth boundary 
do. We assume that dO = flu's, where 17 n S" = and 

VLC1{x = (xi; X2; 0) : x' = (xi; X2) G M^} 

with the smooth contour T = dVt and 5" is a surface which lies in the subspace 
_ i^;^ < Q| ^\iQ exterior normal on dO is denoted by n. We have that 
n = (0; 0; 1) on 17. We consider the following linear Navier-Stokes equations 
in O for the fluid velocity field v = v{x,t) = {v^{x,t);v'^{x,t)]v'^{x,t)) and 
for the pressure p{x, t): 

vt-uAv + Vp = Gf{t) in Ox(0,+oo), (1) 

div'(; = in Ox(0,+oo), (2) 

where > is the dynamical viscosity and Gf{t) is a volume force (which 
may depend on t). We supplement ([I]) and ([2|) with the (non-slip) boundary 
conditions imposed on the velocity field v = v{x,t): 

v = on S; v = {v^;v^;v^) = {0;0;ut) on 0. (3) 

Here u = u{x,t) is the transversal displacement of the plate occupying Q and 
satisfying the following equation (see, e.g., [H [Ml [Sll [26] and the references 
therein): 

utt + A^u + Tin) = Gpi{t) -Tf{v) in Ox(0,oo), 

where Gpi{t) is a given body force on the plate, J^{u) is a nonlinear feedback 
force which would be specified later and Tf{v) is a surface force exerted by 
the fluid on the plate, Tf{v) = {Tn\Q,n)^3, where n is a outer unit normal 
to do at $7 and T = {Ty}?^-^^ is the stress tensor of the fluid, 

Tij = Tij{v) = V [v"^^ + vi}j - p5ij, i,j = 1, 2, 3. 
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Since n = (0;0; 1) on we have that Tf{v) = 2vdx^v^ — p- It also follows 
from (l2|) and ([3]) that dx-^v^ = on 17 and thus we arrive at the equation 

utt + A'^u + T{u) = Gpi{t) +p\n in J]x(0,oo). (4) 
We impose clamped boundary conditions on the plate 

du 



u an = 

on 



= (5) 

an 



and supply ([I])-® with initial data of the form 

v{0) = vq, u{0) = uq, ut{0) = ui, (6) 
We note that ([2]) and ^ imply the following compatibility condition 

ut{x',t)dx' = forallt>0. (7) 

Jn 

This condition fulfills when 

/ u{x',t)dx' = const for all t > 0, 
Jn 

which can be interpreted as preservation of the volume of the fluid. 

We also note that a similar class of models was considered before in 
[m [191 ISni EI]- The main difference between ([I])-® and models in these 
publications is that the papers mentioned deal only with longitudinal defor- 
mations of the plate neglecting transversal deformations (in contrast with 
the model ([H)-® which takes into account the transversal deformations 
only). This means that instead of ^ the following boundary conditions are 
imposed on the velocity fluid field: 

v = on S; v = {v^;v'^;v^) = {ul;ul,0) on 0, (8) 

where u = {u^{x,t)]u^{x,t)) is the in-plane displacement vector of the plate 
which solves the wave equation of the form 

utt — ^u — V [divu] + i'{vx.^;Vx,^)\x3=o + fiu) = in Q; = on T. (9) 

This kind of models arises in the study of blood flows in large arteries (see 
the references in [19]). The model ([1]), ([2]), ([8]), ([9]) is simpler in several 
respects. One of them is related to the fact the force exerted on the plate by 
the fluid is more regular in the case ([9]) and does not contains the pressure in 
an explicit form. Moreover, the model ([1]), ([2]), ([8]), Q does not require any 
compatibility conditions like ([7|), because the volume of the fluid obviously 
preserves in the case of longitudinal deformations. 
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In this paper our main point of interest is well-posedness and long-time 
dynamics of solutions to the coupled problem in ([I])-® for the velocity v and 
the displacement u. First we consider the linear version of this problem (i.e., 
the case when J-{u) = 0). For this linear version we prove well-posedness in 
the class of weak (energy) solutions and establish some additional properties 
of solutions which we need for treating the nonlinear problem. In particular, 
we show that in the homogeneous case {Gf = 0, Gpi = 0) the linear ver- 
sion generates strongly continuous exponentially stable semigroup. Then we 
consider a nonlinear version of this problem under rather general hypotheses 
concerning nonlinearity. These hypotheses cover the cases of von Karman, 
Berger and Kirchhoff plates. We show that problem ([I])-® generates a dy- 
namical system in an energy type space. Our main result (see Theorem 14.80 
states that under some natural conditions concerning feedback forces sys- 
tem ([IJ-dll) possesses a compact global attractor of finite fractal dimension. 
To establish this results we rely on recently developed approach (see [13], 
|14 j and [15, Chapters 7,8] and also the references therein) which involves 
stabilizability estimates and notion of a quasi-stable system. 

The paper is organized as follows. In Section [2] we introduce nota- 
tions, recall some properties of Sobolev type spaces with non-integer indexes 
on bounded domains and collect some regularity properties of (stationary) 
Stokes problem which we use in the further considerations (see Proposi- 
tion [22|). Section [3] is devoted to a linear version of the problem. Our main 
result in this section is Theorem 13.31 on well-posedness of weak solutions. 
In Section m we deal with the nonlinear problem ([I])-®. First we prove 
well-posedness result in Theorem 14.31 and then show that in the case of au- 
tonomous forces the problem generates a gradient dynamical system. Our 
main result in this section states existence of a finite dimensional global at- 
tractor and describes some regularity properties of the trajectories from the 
attractor. The argument is based on the quasi-stability property established 
in Proposition 14.101 

2 Preliminaries 

In this section we introduce Sobolev type spaces we need and provide with 
some results concerning to Stokes problem. 

2.1 Spaces and notations 

To introduce Sobolev spaces we follow approach presented in [33]. 

Let D he a sufficiently smooth domain and s £ M. We denote by H^{D) 
the Sobolev space of order s on a set D which we define as restriction 
(in the sense of distributions) of the space H^iW^) (introduced via Fourier 
transform). We denote by || • \\s,d the norm in H^{D) which we define by 



4 



the relation 

= inf : w e H''{R'^), w = u on d| 

We also use the notation || • ||_d = |1 • ||o,D for the corresponding L2-norm and, 
similarly, (•, ■)£, for the L2 inner product. We denote by Hq{D) the closure 
of Cq°{D) in H^{D) (with respect to || • ||s,_d) and introduce the spaces 

H^{D) := {/|^ : / G H^R''), supp/ cd}, s G M. 

Since the extension by zero of elements from H^{D) gives us an element of 
H''^(]R.'^), these spaces H^{D) can be treated not only as functional spaces 
defined on D (and contained in H^(D)) but also as (closed) subspaces of 
H'^(R.'^). Below we need them to describe boundary traces on J7 C dO. 
We endow the classes H^{D) with the induced norms ||/||*/) = ||/||sKd for 
/ G H^{D). It is clear that 

< ||/|i:,z., f^HtiD). 

It is known (see [331 Theorem 4.3.2/1]) that C^(Z?) is dense in H^{D) and 

Ht{D) C H^{D) CH%D), sG M; 
H^{D) = H'{D), -oo<s<l/2; 

H:{D) = H^{D), -1/2<s<cx), s- 1/2 {0,1,2,...}. 

In particular, H^{D) = H^{D) = H'{D) for \s\ < 1/2. By [33, Remark 
4.3.2/2] we also have that H^{D) / H'^iD) for |s| > 1/2. Note that in the 
notations of [27] the space H^^^^'^ (D) is the same as H^^^"^ {D) for every 
m = 0, 1, 2, . . . , and for s = m + a with < o" < 1 we have 




1/2 



where d{x,dD) is the distance between x and dD. The norm || • \\* ^ is 
equivalent to || • \\s,d in the case when s > — 1/2 and s — 1/2 {0, 1, 2, . . .}, 
but not equivalent in general. 

Understanding adjoint spaces with respect to duality between C^{D) 
and [C^{D)]' by Theorems 4.8.1 and 4.8.2 from [33] we also have that 

[HtiD]]' = H-\D), s G M, and [H\D)\ = R-^D), s G (-00, 1/2). 

Below we also use the factor-spaces H'^(D)/M with the naturally induced 
norm. 

To describe fluid velocity fields we introduce the following spaces. 
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Let 'io{0) be the class of C°° vector- valued solenoidal (i.e., divergence- 
free) functions v = on O which vanish in a neighborhood of S 
and such that f ^ = f ^ = on We denote by X the closure of "^(O) with 
respect to the L2-norm and by V the closure with respect to the H^{0)- 
norm. One can see that 

X = {v= {v^;v'^;v^) E [L2{0)f : divv = 0; -/nV = {v,n) = on 5} 

and 

V=!^v = {v^;v^;v^) G [H\0)f 

We equip X with L2-type norm || • \\o and denote by (•, ■)o the corresponding 
inner product. The space V is endowed with the norm |j ■ \\v = ||V - \\o- For 
some details concerning this type spaces we refer to [32], for instance. 

We also need the Sobolev spaces consisting of functions with zero average 
on the domain il, namely we consider the space 

L2{n) = jii € L2{n) : j u{x')dx' = 

and also H^{9) = H^'iVL) n L2{^) for s > with the standard H\Vi)-\\oTTa.. 
The notations HliQ) and Hq(Q,) have a similar meaning. 

Remark 2.1 Below we use Hq{Q) as a state space for the displacement of 
the plate. It is clear that Hq{Q) is a closed subspace of Hq{Q). We denote 
by P the projection on Hq{U) in Hq{Q,) which is orthogonal with respect 
to the inner product (A-, A-)^. One can see that (/ — P)Hq{Q,) consists of 
functions u S Hq(Q) such that A^u = const and thus has dimension one. 

2.2 Stokes problem 

In further considerations we need some regularity properties of the terms 
responsible for fluid-plate interaction. To this end we consider the following 
Stokes problem 

—uAv + Vp = g, div v = in O; 

v = on S; t; = (0;0;V) on f], (10) 

where g G [L^(0)]^ and G L2{^) are given. This type of boundary value 
problems for the Stokes equation was studied by many authors (see, e.g., [23j 
and [32] and the references therein). We collect some properties of solutions 
to (jlOp in the following assertion. 

Proposition 2.2 With the reference to problem ilO\) the following state- 
ments hold. 



divw 
.,1 — . 



0, V = on S, 
' = on 
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(1) Let g € [H-'^+''{0)f and -0 G Hy^^^in) be such that ip{x')dx' = 0. 
Then for every < o" < 1 problem (llOp has a unique solution {v;p} 
in [H^+''{0)f X [H'^{0)m such that 

\\v\\[m+'' (o)]i + IIpIIh<'(c')/ir < Co |||5ll[/f-i+<'(o)]3 + I1^IIh'^+i/2(j^)} • 

(11) 

(2) lfg = 0,'ipe H^^^'^^''{n), < a < 1, ipdx' = 0, then 

\\'"\\[H'^{0)]3 + \\p\\h-'^+'^{0)/R < '^o||'0||j^-i/2+cT^^j. (12) 

In particular, we can define a linear operator Nq : L2(^) [H^/'^{0)]^ 
by the formula 

( -uAw + Vp = 0, divu; = in O; 
u; = on 5; u; = (0;0;V') on 0, ^ ^ 

/or ■0 £ 1/2(0) fA^oV' solves (jlOp mi/i (7 = Oj. follows from and 
(CD i/iai 

iVo : ^*(5^) ^ [//^/^+'(C')]^ n X continuously for - ^ < s < ^. 

(3) Lei g G [i?-V2+'^(C))]3 a^^f V G ^J'(f^), w^/^ < cr < 1/2. Then 
we can define the trace of the pressure p on Vt, which possesses the 
property p\q G H~^~^'^ (Q) /R. and 

l|p|lH-i+-(f2)/R < Co ||b||[i^-i/2+^(c))]3 + llV'llH-(n)} • (14) 

Proof. Since the extension of elements from H^{Q) by zero to the whole 
boundary dO do not change the smoothness Sobolev class, i.e., leads to 
elements from H^{dO), we can use the regularity results available for the 
Stokes problem with the Dirichlet type boundary conditions imposed on 
the whole dO (see, e.g., [231 ES] and also the paper [T7] and the references 
therein). This observation leads to the following arguments. 

1. The existence and uniqueness of solutions along with the bound in 
(jlip follow from Proposition 2.3 and Remark 2.6 on Sobolev norm's inter- 
polation in [32l Chapter 1]. 

2. By Theorem 3|17j (applied for the boundary data 'ijj G H~^^'^{dO) 

^ —1/2 

which is extension by zero outside Q of the function ip G -fT* (ri)) we have 
P2p with o" = 0. Therefore interpolating with (llip for s = with = we 
obtain ([l2]) for all < cr < 1. 

3. We first represent v in the form v = v + v* , where v solves (jlOp with 
7p = and V* satisfies (flOl) with g = 0. Let p and p* be the corresponding 
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representatives of the pressure (which are identified with an element in a 
factor-space). By the first statement we have that p € H^/'^+"{0) and thus 
by the standard trace theorem there exists p\do £ H^{dO). This imphes 
that p\n G H''{n) C H-^+^i^) and 

l|p||j/-l+<^(f7)/R < C||p||//<T(Q)/R < c||5f||[j:^-l/2+a(o)]3. (15) 

In the case 5 = the pressure p* is a harmonic function in O which belongs 
H~^/'^~^" {O). This allows us to assign a meaning to p*\q, in ff~^+°"(0). 
Indeed, let G C'o°(f^) and G C^{dO) be the extension of (j) by zero. 
Then by the trace theorem there exists a smooth function on O such 
that 

w'</.bo = 0, = 4>, \\w4h^o/2-.^o) < CU\\Hl--{ny 

The application of Green's formula yields {p* , Awif,)o = iP*,'P)n- Therefore 

\{4>,P*)n\ = \{p*,Aw^)o\ < C\\p*\\_i/2+a,o\\4'\\i-a,do- 
Since ||<?5<||i-o-,ae' = ll'/'ll_f/i-<^{Q) and C^{Cl) is dense in Hl^'^{U), we obtain 

l|P*ll//-i+<^{Q)/M < c\\p*\\jj-i/2+a(^(^y^ < c||V'|Uy(Q)- (16) 

Thus relation (fT4l) follows from (fTSl) and (fTHl). □ 



3 Linear problem 

In this section we consider a linear version of ([H)-(l6]) which is obtained from 
([TJ-(l6]) by replacing equation (jl]) with its linear version. Thus we deal with 
the following problem 

vt - uAv + Vp = Gf{t) and divu = in C'x(0,+oo), (17) 

v = on S and v = {v^;v^;v^) = {0;0;ut) on Q, (18) 

utt + A'^u = Gpi{t)+p\n on Q, (19) 

du 

u = — = on dn, (20) 
on 

which we supply with the initial data of the form 

v{0) = vo, u{0) = uo, ut{0)=ui. (21) 

To define weak (variational) solutions we need the following class Ct of test 
functions 6 on O: 



4> G L2(0,r; [H\0)f), <\>t G L2(0,r; {L^iOyf 
div0 = 0, 4>\s = 0, <p\n = (0; 0; 6), 0(T) = 0, 
h G L2{Q,T-Hl{^)), bt G L2(0,T;L2(f))). 
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Definition 3.1 A pair of functions {v{t); u{t)) is said to be a weak solution 
to the problem in (jl7p -(|2i p on a time interval [0, T] if 

. veL^{0,T;X)f]L2{0,T;Vy, 

• ue Loo{0,T;Hl(n)), ut e Loo{0,T;L2{n)) and n(0) = uq] 

• for every (p € Ct the following equality holds: 

-[ {v,(t>t)odt + u [ {Vv,S7(l))odt- [ {ut,bt)ndt+[ {Au,Ab)ndt 
Jo Jo Jo Jo 

{Gf{t),<t))odt+ [ {Gpi{t),b)ndt + ivoAmo + iui,b{0))n; 
Jo 

(22) 

• the compatibility condition v{t)\Q = (0; 0; ut{t)) holds for almost all t. 
Remark 3.2 (1) It follows from the compatibility condition and the stan- 

1 /2 

dard trace theorem that ut G L2{^,T; HJ (17)) and 

||ut(t)||^i/2(f^) < C\\Vv{t)\\o for almost ah t E [0,r]. 

(2) Taking in (j22|) <j){t) = x{T)dT ■ il^, where x is a smooth scalar function 
and belongs to the space 

W = {i^ev\ij\n = (0; 0; /3), /3 G Hl{n) } , (23) 

one see that the weak solution {v{t);u{t)) satisfies the relation 

{v{t),i;)o + {ut{t),(3)n = {vo,ifj)o + {ui,(3)n 

u{Vv, ViP)o + {Au, A/3)o - {Gf,i;)o - (Gp«, /3)c] dr (24) 







In' 



for almost all t € [0, T] and for all ip = {ip , ip , ip ) € W , where 13 = ip 
Below as a phase space we use 

n = ^{vo;uo;ui) e X X H^{n) xL2{il) : {vo,n) = = ui on (25) 

with the norm ||(no;tio;'Ui)|||^ = H^ollc) + ll^^olln + ll'^illn- We also denote 
by 7^ a subspace in T-L of the form 



n 



\^{vo;uo;ui) eU: uq £ Hi{n)^ . (26) 



Our main result in this section is the following well-posedness theorem con- 
cerning the linear problem. 



Theorem 3.3 Assume that Uq = {vo]Uo;ui) G Ti, Gf{t) G L2{0,T;V') 
and Gpi{t) G L2{0,T; H^^^^{^})). Then for any interval [0,T] there exists a 
unique weak solution {v{t);u{t)) to (I17p - ()2ip with the initial data Uq. This 
solution possesses the property 

U{t;Uo) = U{t) = {v{ty,u{t);ut{t)) G G{0,T;X x H^in) x L2{n)), (27) 

and satisfies the energy balance equality 

ft 



£o{v{t),u{t),ut{t)) + / \\\/v\\QdT = £o{vo,uo,ui) 

Jo 

+ / {Gf{T),v)odT+ [ {Gpl{T),UrhdT (28) 

Jo Jo 
for every t > 0, where the energy functional £q is defined by the relation 

£oiv{t),n{t),udt)) = \ {\\v{t)\\l + WuMl + \\^u{t)\\l) . (29) 

Moreover, there exist positive constants M and 7 such that for every initial 
data Uq = {vo;uo;ui) from % we have 

ft |- ^ 



Uit)f^<Me-''\\Uofn + M / e-^(*--) \\\Gf{T)fy, + \\Gpi{T 

Jo L 



(30) 



Remark 3.4 Let wq G {I — P)Hq{Q), where the projector P is defined in 
Remark 12.11 Then one can see that the pair {v{t) = 0,u{t) = wq} solve 
problem (fT7l) - ([2T]l with the initial data (0; wo;0) and with Gf = 0, Gpi = 0. 
The pressure p is the constant determined from its boundary value on Q: 
p\q = A'^wq [A'^wq is a constant due to Remark [2. ip . This observation gives 
us a relation between solutions with initial data from 7i and Ti, namely we 
have that 

U {t; {vo;uo;ui)) = U{t; {vq; Puo;ui)) + (0; (/ - P)uo; 0), t > 0, 

for any Uo = {vo', uo;ui) G 7i. This relation means that 7i is invariant with 
respect to dynamics governed by (|17p - ()2ip and explains why an exponential 
decay estimate of the form (pO|) cannot be true for every initial data Uq = 
(vq; uo;ui) from the space H. 

This remark allows us to derive from Theorem 13.31 the following assertion. 

Corollary 3.5 Problem (fT7|) - ([21]) with Gf = and Gpi = generates a 
strongly continuous contraction semigroup Tf on % and on % by the formula 
TtUo = U{t), where U{t) is a weak solution to (fT7|) - ([2T]) with the initial data 
Uq. This semigroup Tt is exponentially stable onTi, i.e., there exist positive 
constants M and 7 such that 

WTiUqW-h < Me~'^^\\UQ\\'H for any = {vq;uq;ui) eU. 



10 



Proof. Strong continuity of Tt follows from (|'27p . This semigroup is con- 
tractive and exponentially stable due to (p8]) and (j30|) with Gj = and 
Gpi = 0. □ 

We note that the generator of the semigroup Tt defined via solutions to 
problem (fT7|l -(f2T]) in the space % has a rather complicated structure, see 
Appendix |A] in the end of the paper. This is why we avoid in the argument 
below calculations involving the explicit form of the generator. 

Proof of Theorem ISTSl 

We use the compactness method and split the argument into several steps. 

Step 1. Existence of an approximate solution. For the construction of 
Galerkin's approximations we use an idea of [9] in a slightly modified form. 

Let {V'iliGN be the orthonormal basis in X = {v ^ X : {v,n)\^ = 0} 
consisting of the eigenvectors of the Stokes problem: 

-A^j + Vpi = jiiipi in O, divV'j = 0, Vilao = 0, 

where < /Ui < ^2 ^ • • • are the corresponding eigenvalues. Denote by 
{C«}jGN the basis in Hq{Q) which consists of eigenfunctions of the following 
problem 

with the eigenvalues < ki < K2 < . . . and = 1- Let (pi = NQS,i, where 

the operator A^o is defined by 1^. By Proposition O '/'i G [H^{0)f n V. 
As above one can also see that dx^cp^ = on Q. 

We define an approximate solution as a pair of functions 

m n n 

satisfying the relations 

n n 

«fc {i) + it) {<Pj 1 V'fc)c' + i^fJ-kCtk (t) + $j (t) ( V(/>j , V'ipk)o = {Gf,'ipk)o 
j=i i=i 

(32) 

for k = l...m, and 



J^Qi(t)(V'i,(/>fe)o + ^i3jit){<l)j,<l)k)o + i3k{t) 



+ 1/ ^ ai (t) ( V , V(/)fc ) o + 1/ ^ /3j (t) {S/cl)j,V(j)k)o + f^kPk (t) 
i=i j=i 

= {Gf{t),Mo + {Gpi{t),^kh (33) 
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for k = 1, . . . ,n. This system of ordinary differential equations is endowed 
witli the initial data 

Vv,m{0) = Umivo - NqUi) + NoPnUl, 
Un{0) = PnPuQ + {I - P)uo, Un{0) = P„ni, 

where 11^ is the orthoprojector on Lin{ipj : j = 1, . . . , m, } in X and P„ is 
orthoprojector on Lin{(^i : i = 1, . . . , n} in L2{0,). Since Hm and Pn is are 
spectral projectors we have that 

ivv,m{0);un{0);un{0)) {vo;uo;ui) strongly in 7^ as m,n ^- oo. (34) 

We can rewrite system (f32]l and (1331) as 

d fait)\ 



for some linear function g : M™"*"'^" 



M 



"0 


0' 







id 


+ 



+ g{a{t),(3{t),P{t)) + G{t)=0 

and G € ^2(0, T; M™+"), where 

(35) 



I-)- 



{(V'i,V'j)o}™fc=i {iiPiAk)o}i,k=i 



The first matrix in (I35p is nonnegative and the second one is symmetric and 
strictly positive (since the functions {Tpi,(j)j : i = 1, . . . ,m, j = 1, . . . ,n} are 
linearly independent). Therefore system (132p and (I33p has a unique solution 
on any time interval [0,r]. 
It follows from (ISTI) that 



{t) = ^a,{t)i;i + No[dtUn{t)], 



1=1 

where Nq is given by (llSh . This implies the following boundary compatibility 
condition 

{t) = {0;0; dtun{t)) on n. (36) 

Step 2. Energy relation and a priori estimate for an approximate solution. 
It follows from (I32p and (I33p that the approximate solutions satisfy the 
relation 

{Vn,m{t),X)0 + iUn{t),h)n + l^(yVn,m{t), Vx)o + ( Ali^ (t) , A/l)o 

= {Gf{t),xh + {Gpi{t),h)n (37) 
for t € [0, T] and for every x and h of the form 



(t) = ^ Xfc^fc + Noh with ^ = ^ /ifc^, 



fc=i 



k=l 
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where m' < m and n' < n. Therefore taking x = ^^n,m we obtain the 
following energy balance relation for approximate solutions 

So{Vn.m{t),Un{t),dtUn{t)) + V I / \V Vn,m\'^ dxdr (38) 

JQ JO 

= ^0(?^n,m(0),Un(0),3tU„(0)) + / {G f , Vn,m)odT + / {Gpi, dtUn)ndT. 

Jo Jo 
This implies the following a priori estimate 

fT 

sup {II ml + l|An„(t)||^ + WdtUnimil} + / \\VVr,,m\\ldT < Ct- 

te[o,T] Jo 

(39) 

By the trace theorem from (j36p we also have that 

T i-T 

^ \\^t^riir))f^^j^^^^dT = lbn,m(r)||i/2,ao^'^ ^ C't. (40) 

Step 3. Limit transition. By (|39l) the sequence {(fn,m; ^^n; c^t'Un)} contains a 
subsequence such that 

dtu n) {v; u; dfu) * -weakly in Loq(0, T; Ti)] (41) 
Un^u strongly in C(0,r;if^-'(O)), Ve > 0; (42) 
Vn,m V weakly in ^2(0, T; V). (43) 

To obtain (|42|) we use the Aubin-Dubinsky theorem (see, e.g., [30^ Corol- 
lary 4]). By (|^0]) we can also suppose that 

dtUn dtu weakly in L2(0, T; Hl^^{n)); (44) 
Vn,m^v weakly in L2{0,T;H^/^{dO)). (45) 

One can see from (j37|) that {vn,m]Un',dtUn){t) satisfies ([22]) with the test 
function 6 of the form 



i=l j = l 

where p < m, q < n and 7^, 5j are scalar absolutely continuous functions on 
[0,r] such that ji,6j G L2{0,T) and ji{T) = 6j{T) = 0. Thus using (HTD - 
(|43p we can pass to the limit and show that {v;u;dtu){t) satisfies ()22p with 
(f> = 4)p,q, where p and q are arbitrary. By (j34p and ()42p we have ti(0) = 
The compatibility condition ([18]) follows from (p6|) and (jlip . (P5|) . 

To conclude the proof of the existence of weak solutions we only need 
to show that any function (p in Ct can be approximate by a sequence of 
functions of the form (I46p . This can be done in the following way. We 
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first approximate the corresponding boundary value of 6 by a finite linear 
combination h of tlien we approximate tlie difference (j) — N^h (with A'^o 
define by (|13|) ) by finite linear combination of t/'fc. 

Thus the existence of weak solutions is proved. One can also see from 
(j38|) and from (|^T]) - (|l3|) that the constructed weak solution satisfies the 
corresponding energy balance inequality. 

Step 4- Uniqueness. We use the same idea as in [28], but with a slightly 
modified test function, see (jlH]) . 

Let U^{t) = {v^ {t);u^ {t);ul{t)), j = 1,2, be two different solutions to 
the problem in question with the same initial data. Then their difference 
U{t) = U^{t) — U'^{t) = {v{t);u{t);ut{t)) satisfies the variational equality 



- / iv,<pth + '^ / (Vf,V0) 



)o 



r {uudtb)n+ riAu,Ab)n = (47) 
Jo Jo 



for all (p G Ct, b = {4>\n) . Now for every < s < T we take 



/ dT / dCv{C), t < S, 

Jt Jo 



cp{t)^4>'{t) = { Jt Jo (48) 
0, t>s, 

as a test function. We denote 

i;'{t) = dt(l)'{t)= fdCviC) and {t) = {(j)' {t)\nf = - T druir) . 

Jo Jt 

Substituting into (117|l . we obtain 



{v,rh + '^ / (VatV^V(/>^)o- / {ut,uh+ / {dtAb',Ab')n = 0. 
Jo Jo Jo 

(49) 

Integrating by parts the second term in ()49p and using the relations (0) = 
and </>*(s) = 0, we have 

Jo Jo 
Therefore ([M]) yields 

W{s)\\l + 2^ r \Wr\\odt+\Hs)\\l + \\Ab%ml = 
Jo 

for almost all < s < T. Therefore v{s) = and u{s) = for almost all 
< s < T. Thus the uniqueness is proved. 

Step 5. Continuity with respect to t and the energy equality. First we 
note that any weak solution {v{t);u{t);ut{t)) is weakly continuous in X x 
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Hq{Q,) X L2(rj). Indeed, it follows from that that any weak solution 
{v{t);u{t)) satisfies the relation 

{v{t),i,)o = {vo,ij{0))o + [ i-H'^v, Vi>)o + {Gf{T),iP)o] dr 

Jo 

for almost all t G [0,r] and for all 4^ £ V = {y e V : v\n =^0} C W. 
This implies that v{t) is weakly continuous in V'. Since X C V , we can 
apply the Lions lemma (see |27l Lemma 8.1]) and conclude that v{t) is 
weakly continuous in X. The same lemma gives us weak continuity of u{t) 
in Hq{Q,). Now using (f24|l again we conclude that (ut(t),/3)n is continuous 
for /3 E H^{Q,). The density argument yields weak continuity of ut{t) in 

L2{n). 

To prove the energy equality, we follow the scheme of [28| Ch.l], see also 
[27\ Ch.3]. We first note that due to Remark 13.41 it is sufficient to consider 
the case when Uq = {vo;uo;ui) € H. Then for every fixed < s < t < T 
we introduce a piecewise-linear continuous function ^^(t) on M such that 
(^niT) = 1 for s < T < t and 0n{T) = when t < s — 1/n or r > t + 1/n. 
Let pk G C^(M) be an even function such that supppfc C [—k~^,k~'^] and 
f^Pk{s)ds = 1. Now for k and n large enough we consider the function 
0(r) = 9n[{0nv) * Pk * Pk), where v is a weak solution to (fT7l) - (|2T]) . as a 
test function in variational equality ()22p . Substituting this (j) into (I22p and 
passing to the limit when /c — > oo we obtain that 

fT . rT 

- ^nOn[\\vfo + \\Ur\\l+\\Au\\l]dT + iy d^WVvfadT 

Jo Jo 

= [ 9l[{GfiT),v)o + {Gpi{T),Ukh]dT (50) 
Jo 

As in \28\ Ch. 1] one can see that for every function h S Li(0,T) 

lim r en{r)en{T)h{T)dT = -]- [h{t) - h{s)] 
n— >oo Jq Z 

for almost all s and t. Therefore after the limit transition in (|50p we obtain 
energy relation ()28p valid for almost all s and t. Now using weak continuity 
of the solution {v{t); u{t)) and the energy inequality (which is valid for s = 
and for every t) we can establish the energy equality. As in \27\ Ch. 3] this 
also implies strong continuity of weak solutions with respect to t. 

Step 6. Exponential stability. To prove the exponential stability estimate 
in (j30p . we construct a Lyapunov function using an idea from [11] . Let 

V{vo,uo,ui) = £o{vq,uq,ui) + e^'(uo,uo,ui), 

where "^{vq,uq,ui) = {uo,ui)n + {vq, NqUo)o with Nq defined by p^ . and 
e > is a small parameter which will be chosen later. We consider these 
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functionals on approximate solutions (fn,mi^n) for which Puq = uq and 
thus Pun{t) = Un{t) for all t > 0. This allow us to substitute in ([37|) N^Un 
instead of x ^-iid obtain that 

VNQUn)o - W^UnWn + {Gf,NoUn)o + {Gpl,Un)n- (51) 

By Proposition 12.21 using the compatibility condition in (|36p and the trace 
theorem we have that 



NodtUn)o\ < C\\ 



Similarly, 



|(V?;„,rn, V7Vo^in)o| < vWAUnW"^ + Crj\\S/Vn,m\\o^ Vr/>0, 



and also 

\{Gf,NoUn)o + {Gpi,Un)n\ < ??||Au„||^ + 
Therefore it follows from (|5ip that 

^^-n.mW < -^||An„f + G\\VVn,m\\o + C 



\Gf\\v' + \\Gpi\\^i/2,n 



\Gf\\v' + \\Gpi\\^i/2,n 



\Gf\\v' + \\Gpi\\'^i/2,n 
Using the energy relation in (|38p we also have that 

Therefore the function Vn,mit) = V{vn,m(t),Unit), dtUn{t)) satisfies the re- 
lations 

aoSo{Vn,m{t),Un{t),dtUn{t)) < Vn,m{t) < ai£o{Vn,m{t) , Unit) , dtUn{t)) 

for sufficiently small e > and 



d_ 
di 



\Gf\\v' + \\Gpi\\'ii/2^n 



with positive constants Oj. This implies relation ()30p for approximate solu- 
tions. The limit transition yields ()30p for every weak solutions. 
This completes the proof of Theorem | 



4 Nonlinear problem 

In this section we deal with problem ([T])-([6|) with a nonlinear feedback 
force. Fist we describe hypotheses concerning this force. Then we prove 
well-posedness (see Theorem 14.31) and construct the corresponding semiflow. 
Our main result (see Theorem 14. 8p states the existence of finite-dimensional 
attractor. 
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4.1 Structure of feedback force 

We impose the following hypotheses concerning the nonlinear feedback force 
F(u) in the plate equation (jH). 

Assumption 4.1 (Fl) There exists e > such that J-{u) is locally Lips- 
chitz from Hq~^{Q) into H~^/^{^}j^ in the sense that 

\\T{ui) - 72(^2) ||_l/2,n < Cr\\ui - U2\\2-e,n (52) 

for any Ui € Hq[U) such that ||uj|[2,n ^ ^• 

(F2) There exists a -functional Il{u) on Hq{Q,) such that J-{u) = n'(u), 
where 11' denotes the Frechet derivative o/II. 

(F3) The plate force potential 11 is hounded on hounded sets from Hq{CI) 
and there exist r/ < 1/2 and C > such that 

r/||An||^ + n(u) + C>0, Vu € i?o(Jl). (53) 

The nonlinear feedback (elastic) force J^{u) may have one of the following 
forms (which represent different plate models): 

Kirchhoff model: J^{u) is the Nemytskii operator 

-K- div {|Vu|^Vn - ^[V-urVn} + f{u) - h{x), 
where k>0, q>r>0 and ^ € M are parameters, h € L2{fl), and 

/ G Lipioc(M) satisfies liminf /(s)s~^ > — Ai, (54) 

\s\—^oo 

where Ai is the first eigenvalue of the biharmonic operator with the Dirich- 
let boundary conditions. In this case the relation in (|52p follows from the 
considerations given in [12l Sect. 5]. We also have that 

n(n) = / F{u{x))dx + ^^ [ \Vu{x)\'^+^dx 
Jo. 9 + 2 Jn 

— I \Vuix)V'^'^dx — I u(x)h(x)dx, 

r + ^ Jn Ja 

where F{s) = /(^)c?^ is the antiderivative of /. Due to the second relation 
in ()54p we obviously have ()53|) . 

Von Karman model: This model is well known in nonlinear elasticity 
and constitute a basic model describing nonlinear oscillations of a plate 
accounting for large deflections, see |28l I15j and the references therein. The 

^ We recall that according our definitions H-^^^{Q.) = [Hy^{n)]' g [H(/^{n)]'. 
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force T has the form T{u) = — [u, v(u) + Fq] — h(x\ where Fq € H'^{Q,) and 
/i G F2(f^) are given functions, the von Karman bracket [u,v] is given by 

[u,v] = d^n ■ d^v + d^u ■ d^v - 2 . dl^^u ■ dl.^v, 

and the Airy stress function v(u) solves the foUowing elhptic problem 

A'^v{u) + [n, u] = in 0, = v{u) = on 

It is known (see, e.g.. Corollary 1.4.5 in |15] ) that 



\\[ui,v{ui)] - [U2,v{u2)]\\-,j,n < C{\\ui\\2^f^ + ||u2||2,n)ll^l " U2\\2-r, 

for every r] G [0, 1], which implies (152p . The potential 11 has the form 
n(n) = ^ I [\v{u)\^ -2{[u,Fo] -2h)u] dx 



n 



and possesses the properties listed in Assumption 14. H see, e.g., flSl Chapter 
4] for details. 

Berger Model: In this case the feedback force has the form 



K / \Vu\'^dx — r 



An — h{x), 



where k > and F G R are parameters, h G L2{i^)- One can see Assump- 
tion [HT] is satisfied, for some details and references see, e.g., [lOl Chapter 4] 
and ^4t Chapter 7]. 

4.2 Well-Possedness 

Definition 4.2 A pair of functions {v{t);u{t)) is said to be a weak solution 
to (P)-® on a time interval [0, T] if 

. v£L^{0,T;X)f]L2{0,T;V); 

• ue L^{0,T;H^{^})), ute L^{0,T;L2{n)), u{0) = uo; 

• the equality in ([22]) holds with Gpi{t) := -T{u(t)) + Gpi(t); 

• the compatibility condition v{t)\Q = {0;0;ut{t)) holds for almost all t. 

Theorem 4.3 Assume that Uq = {vo;uo;ui) G Ti, Gf{t) G L2{'d,T;V') 
and Gpi{t) G L2{0,T; H~^^'^{Q)). Then for any interval [0,T] there exists 
a unique weak solution {v{t);u{t)) to ([I])-® with the initial data Uq. This 
solution possesses the property 

u{t) = {v{ty,u{ty, ut{t)) G c{o, T; n), (55) 
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where T-L is given by i fl3|) . and satisfies the energy balance equality 



£{v{t),u{t),ut{t)) + V / \\Vv\\%dT = £{vq,uq,ui) 
Jo 



+ [ {Gf{T),v)odT+ [ {Gpi{T),Ur)ndT (56) 
Jo Jo 

for every t > 0, where the energy functional £ is defined by the relation 

£{v,u,ut) = ^\\v\\q + E{u,ut) 

with the plate energy E{u,ut) given by 

E{u,ut) = ^ {\\ut\\l + \\^u\\l) + ju{uix))dx. 

n 

Moreover, there exists a constant an^T > such that for any couple of weak 
solutions U{t) = {v{t)]u{t);ut{t)) and U{t) = {v{t);{i{t);{it{t)) with the 
initial data possessing the property \\Uo\\n^ \\Uo\\h < R we have 

t 

\\U{t)-Uml^ + J \\V{v-v)\\ldT<aR^T\\Uo-Uo\\h t e [0,T]. (57) 



The spatial average of u{t) is preserved. In particular, if Uq € 7i, then 
U{t) for every t > 0. We recall that H is defined by 



Proof. The proof of the local existence of an approximate solution is al- 
most the same, as in the linear case (see Theorem I3.3p . We use approximate 
solutions of the same structure as in (|3ip which satisfy (|32p . (j34p and also 
(f33]l with —F{un{t)) + Gpi{t) instead of Gpi{t). Then using the standard 
argument we establish the energy relation in ()56p for these approximate so- 
lutions. Now the positivity type estimate in (j53p allow us to obtain the same 
a priori estimates as in (|39p and (|40p . Therefore we can prove the global 
existence of approximate solutions and establish the existence of a weak so- 
lution U{t) = {v{t);u{t);ut{t)) by the same argument as in the linear case. 
To make limit transition in the nonlinear term we use (|52p . 

Now we can consider the pair {v{t);u{t)) as a solution to linear problem 
with Gpi{t) := —J^{u{t)) + Gpi{t). This allow us to obtain ([55]) and also 
derive energy balance relation ([561) from (f28]l using the potential structure 
of the force T: J-{u) = Yi'{u). 

Since the difference of two weak solution can be treated as a solution to 
the linear problem with Gf = and Gpi{t) := T{u{t)) — T{u{t)), we can 
obtain (157p from the energy equality (128p . The uniqueness follows from (I57p . 

Preservation of the spatial average of u{t) follows from the same property 
for approximate solutions. □ 
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Remark 4.4 In the autonomous case we can suggest another form of energy 
relation ([56]) . Let Gpi{t) = and Gf{t) = Gq € V be independent of t. 
Suppose that a pair G y x L'^{0) solve problem (fTO]l with g = Gq 

and tp = 0, i.e., 

— z^Aw^, + Vp* = Go, div?;,, = in O; f * = on 9C (58) 
Then the following form of the energy balance equation is valid: 

£^{v{t),u{t),ut{t)) + y I \\V{v - v^:)\\%dT = £^:{vq,uq,ui), (59) 

Jo 

where ^ 

£^{v,u,ut) = -\\v - v^Wq + E^{u,ut) 

with E^{u,ut) given by 

E^{u,ut) = ^ {WutWn + ||Au||^) + J U{u{x))dx - {p^,u)q. 

n 

Indeed, it follows from (1581) that 



{Go,v{t))o = i^{Vv,,Vv{t))o + ^ip*,uit))n- 

at 

Substituting = in we also have that 
d 



(■[;(*), t;^,)c) + u{S/v^.,Vv{t)) = {Go,v^)o = u\\Vv^\\ff. 



Therefore 



iGo,vit))o = ^ [{vit),v^)o + ip*,uit))n] + 2i^{Vv„Vv{t)) - z^||Vv*||^. 
at 



This and also the energy relation in (j56p imply (|59p . 

This remark allows us the derive from Theorem 14.31 the following assertion. 



Corollary 4.5 Let Gf{t) = Gq ^ V' he independent oft and Gpi{t) = 0. 
Then problem generates dynamical systems {St,T-i) and (St,7i) with 

the evolution operator defined by the formula StUo = {v{t); u{t); ut{t)), where 
{v]u) is a weak solution to ([I])-([6]) with the initial data Uq = {vq; uq; ui) . 
These systems are gradient with the full energy £:^{vo,uo,ui) as a Lyapunov 
function. This means that (a) U ^ £*{U) is continuous on Ti, (b) £^:{StUQ) 
is not increasing in t, and (c) if £^{StUo) = £*{Uo) for some t > 0, then Uq 
is a stationary point of St (i.e., StUo = Uq for all t > Oj. Moreover, the set 
= {Uq '■ £*{Uq) < R} is a bounded closed forward invariant set for every 
R>0. 
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Proof. We need only to check the properties of the functional 8^,. 

It is clear from Assumption 14. If F2) that £"* is continuous on %. 

By dSSl) We have that £^{StUo) < £^{SrUo) for t > r > 0. This gives 
the monotonicity of t i-> £:^{StUo) and the invariance of Sr. 

If 8^{StgUQ) = S^{Uo) for some to > 0, then ([591) implies that v{t) = 
for all t € [0, io] and thus ut{t) = v^\q = 0. Hence u{t) = u for some 
u E Hq{Q,) and Uq = (f*; n; 0) is a stationary point for St- □ 

Below we describe the set of stationary point of the evolution semigroup St 
with more details. 

4.3 Stationary solutions 

As above we assume that Gpi = and Gf{t) = Gq G V is independent 
of t. Let V = {u e V : ^1^^^ = 0}. It follows from Definition li^ that 
a stationary (time-independent) solution is a pair {v;u) from V x Hq(Q) 
satisfying the relation 

i^iVv, V^)o + (An, Af3)n - (Go, + {Hu),^h = (60) 

for any tp £ W with V'^Iq = /3; where W is given by ()23p . Using ()59p we have 
that f = where solves (f58|) . One can also see (Vu, VA''o/3)c) = for 
any v £ Vq and /3 € Hq{Q), where A^o is defined in (fT3|) . Therefore from ([60]) 
with = Nq/3 we have the following variational problem for u S Hq{Q): 

{Au,AI3)n + {T{u)-NSGo,Ph = 0, ^ ^ £ H^{n). (61) 
The following calculation performed first on smooth functions gives us 

(Go, NoP)o = i-i^Av, + Vp,,NoP)o 

= (u*, -i^ANo/3)o + (p*,/3)f7 = (-v*, -S/pi3)o + (p*,/3)n = (p*,/3)c- 

Since the pressure in ([58|) is defined up to a constant, we can suppose 
that p^ = N^Gq. By Proposition [U A^q* : V ^ [^^^(J^)]'. This provides 
us with the regularity of the pressure impact on the plate. 

One can see that a function u € Hq(^[1) solves (|6ip if and only if n is a 
variational solution to problem 

A^u + T(u) -p^ = C in n, u = — = on dn, (62) 

on 

for some constant C which may depend on u. Since every variational solution 
to (|62p is an extreme point of the functional 

^'(n) = ^||Aii||^ + / U{u{x))dx - {p^ + G,u)n, 
^ Jn 
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using relation (j53|) in Assumption 14.11 we can prove the existence of these 
solutions. Thus we obtain a family of solutions to (j60p parameterized by the 
real parameter C. To fix somehow the constant C in ()62p it is convenient to 
fix the average of u. In the case of the zero average we obtain the following 
assertion. 

Proposition 4.6 In addition to Assumption \4-l\ we assume that Gq € V 
and there exist t] < 1/2 and c > such that 

7]\\Au\\l + {u,T{u))n>-c, \/u£H^{n). (63) 

Then the set A/q of solutions u to problem i61\} with the property udx = 
is nonempty compact set in Hq{Q,). 

Proof. Restricting the functional ^ on Hq{Q) we can prove the existence 
of its minimum point on Hq{Q). This means that TVq is not empty. If 
u G Hq{Q,) is a solution, then taking /3 = n in ()6ip and using ()63p we 
conclude that A/q is bounded in Hq{Q,). If {un} is a sequence from A/q, then 
from (|6ip we conclude that 

||A(u„ - Um)\\n < C\\T{Un) - J^{Um)\\-l/2,n\\Un " Um\\l/2,n- 

Thus (f52]l yields ||A(un — Um)\\n < C\\un — Um\\2-£,n- This implies that the 
sequence {un} is relatively compact. □ 

Remark 4.7 A similar result can be obtain for the set J\fa of solutions u 
to problem (]6ip with the property {u) = udx' = a with a fixed a G M, if 
instead of (j63p we assume that there exist r] < 1/2, Ca > and a smooth 
function (j) with the property ((/>) = a such that 

r?||A«||^ + (u,7-(n))n-(0,7'(n))n > -c„, yuGH^iQ). (64) 

Indeed, if we consider the functional ^ on Hq^ = {n S Hoi^) ■ {u) = a} 
for some fixed constant C, then we can prove the existence of a solution u to 
([6T]l in Hq „ . Now substituting /3 = n — in ([611) and using (fM|l we obtain 

the boundedness of the set A'q, in Hq^. To prove the compactness of AAq we 
use the same argument as in Proposition 14. 6[ 

It follows from Proposition 14.61 that the set of all stationary points of St in 
the space Ti is nonempty compact set and has the form 

M= \iv,;u;0) : {v^;u) e Vq x H^{n) solve §8^ and (65) 
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4.4 Asymptotical behavior 

In this section we are interested in global asymptotic behavior of the dy- 
namical system (StjH). Our main result states the existence of a compact 
global attractor of finite fractal dimension. 

We recall (see, e.g., [SlIlO^IST]) that the global attractor of the dynamical 
system {StiT-i) is defined as a bounded closed set 21 C ?^ which is invariant 
(5(f)2t = 21 for all t > 0) and uniformly attracts all other bounded sets: 

lim sup{dist-^(5(t)y, 21) : y € B] = for any bounded set B in T-L. 

The fractal dimension dim^" M of a compact set M in a complete metric 
space X is defined as 

X In N(M,e) 

dnxL/- M = limsup — - — ; — -- — , 
■> e^o ln(l/e) 

where N{M, e) is the minimal number of closed sets in X of diameter 2e 
which cover M. 

We also recall (see, e.g., [S]) that the unstable set M.^{J\f) emanating from 
some set M CH is a subset of V. such that for each z G M+ {J\f) there exists 
a full trajectory {y{t) : t E M} satisfying y{0) = z and dist{y{t),M) — )• as 
t — )■ — oo. 

Theorem 4.8 Let Assumption \4.1\ be in force. Assume that G/(t) = Gq € 
V is independent of t, Gpi{t) = and holds. Then the dynamical 
system [St^T-L) possesses a compact global attractor 21. Moreover, 

(1) 21 = M4_(A/'), where M is the set of equilibria given by /fg5|). 

(2) This attractor has a finite fractal dimension in %. 

(3) Any trajectory 7 = {{v{t)]u{t)]Ut{t)) : t G M} from the attractor 21 
possesses the properties 

{vt]uu utt) G Loo(M; X x Hl{Vl) x L2{9)) (66) 

and there is R > such that 

sup sup {\\vt\\o + \\ut\\l^Q + \\utt\\n) <R^. (67) 

Remark 4.9 We cannot state a similar result on the existence of a global 
attractor for the system {St^T-i). The point is that the average of u{t) is 
preserved and thus the system [St^T-L) is non-dissipative. However using the 
same procedure as for the linear case (see Remark 13. 4p we can study the 
long-time behavior of {St,T-L) by means of a family of dissipative problems 
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in T-L. Indeed, we can decompose the solution to ([I])-® with the initial 

data (vq; uq; ui) into the sum {v{t); u{t);ut{t)) = {v{t);u{t);ut{t)) + (0; -0; 0), 
where tp = {I - P)uo and {v{t);u{t);ut{t)) solves (P)-©, P, © with the 
plate equation 

utt + A^u + J^iu + V) + = Gpiit) +p\^ 

(instead of (jj])) and with the initial conditions {vq, Puo,ui). 

To obtain the result stated in Theorem 14.81 it is sufficient to show that the 
system is quasi-stable (in the sense of [15j). For this we use the stability 
properties of linear problem p7|) -(|21| ) established in Theorem 13.31 to prove 
the following assertion. 

Lemma 4.10 (Quasi-stability) Let U\t) = {v\t); u\t); u\{t)) , i = 1,2, 
be two weak solutions with initial data Uq = {vq;uq;u\) from % such that 
WU^^Wn < R, i = 1,2, then their difference 

z{t) = u\t) - u\t) = {v{ty,u{ty,ut{t)) 

satisfies the relation 

\\Z{t)\\'^ < Mne~^''\\Zofn + Mn T e'^^*-^) ||n(r)||2 dr (68) 

Jo 

for some positive constant Mr and 7* . 

Proof. We consider {v{t);u{t)) as a solution to to linear problem (fT7|l - (f20]) 
with Gf = and Gpi{t) = -T{u^{t)) + T{u'^{t)). Therefore it follows from 
(f52]l and ([30]) that 

\\Z{t)\\l^<Me-^'\\Zo\\l^ + Cn f e'^^'-^^\\u{T)\\l_,^^dT. 

Jo 

Hence the interpolation relation 

Il^i|l2-£,Q < v\\Z\\n + Cr,\\u\\l, Vr/ > 0, 
via Gronwall's type argument, implies the conclusion in (|68|) . □ 

Proof of Theorem 14.81 

Lemma |4. 101 means that the dynamical system [St,T-L) is quasi-stable in the 
sense of Definition 7.9.2 [15]. Therefore by Proposition 7.9.4 [15] {St,'H) is 
asymptotically smooth. Since the system is gradient, the boundedness of 
the set of the stationary points implies that there exists a compact global 
attractor. Moreover, the standard results on gradient systems with compact 
attractors (see^e.g., [3 [101 El]) give us that 21 = M+(7\A). 

Since {31,11) is quasi-stable the finiteness of fractal dimension dinijSt 
follows from Theorem 7.9.6 |15j . 

To obtain the result on regularity stated in ()66p and ()67p we apply The- 
orem 7.9.8 [E]. 
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A Appendix: Generator of linear semigroup 

To find the structure of the semigroup Tt generated by (fT7|) - ([2T|) in the space 
7i we note that the evolution problem in (j24|) with Gf = and Gpi = can 
be written in the form 

^ [{v, iP)o + iu{t),xh + iwit),(3h] + A{Uit), ^) = 0, 

where U = {v; u; w) is an element from C{R+;'H) with v G L^°^(M+;y) and 
~ (0; 0; The text function ^ = {ip; x; /?) belongs to the space 

W^[{i;;x;f3)eWxHi{n)xHl{n) : = (0; 0; /?)} C 

and the bilinear form A(U,^) is defined by the relation 

A{U, ^) = iy{Vv, W)© - (w, xh + i^u, A/3)n. 

Thus to describe the domain of the generator we need to describe all elements 
U = {v; u; w) from 

V = \^{v;u;w) £V X H^in) x L2{n) : v\^ = {0;0;w)^ C n 

which solve the variational equation of the form 

A{U,^) = (.v,i;)o + {u,xh + (.w,f3)n, = (V; x; /3) G W, 

where F = (/o; /i; /2) is a given element from "H. Taking ^ = one can see 
that fi = -w e H^ii^). Therefore we arrive at the relation 

u{Vv, V^)o + (An, A(3)n = (/o, i'h + (/2, Ph- (69) 

By Proposition 12. 21 we have that Nqw € V r\[H'^ (O)]"^ and the corresponding 
pressure (defined by (US])) belongs to the class H'^{0)/R. bmce 

We can rewrite ()69p in the form 

u{V[v-Now],Vi^)o + {Au,A(3)n = {h,^)o + {f2 + P^, f^h (70) 

for any ip G W. If we take now ip G V = {v £ V : v\qo = 0}, then we obtain 
that V = V — Nqw G V solve the problem 

-i/Ai) + Vp = /o, divw = in O; v = ondO. 

Since /o G X, this implies that v G Vn[H^{0)f and thus v G Vr\[H^{0)f. 
Therefore from (I69p we have that 

{Ps[-iyAv] - fo,i;)o + {Au,Ap)n = {f2,Ph (71) 
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for every G X with ^^In = G Hq{^}), where Pg is the orthoprojector in 
[^2(0)]^ on X. This imphes that 

Ps[-uAv] - fo ±X = {u£X : (u, n) = on dO} 

Therefore (see, e.g., (2.70) in [3]) there exists q € H^{0) such that 

dq 



Ps[-i^Av] -fo = -Vg, Ag = in O, 



dn 



0. 



(72) 



Substitution in ([7T]) yields (Aii, A/3)f7 = (/2 + g, /3)q which imphes that 
u e {H^ n Hl){Q.). On the other hand, if we take ^ = NqP in ([70]), then 
due to the relation {V[v — Nqw], VNq/3)o = we obtain 

{Au,Af3)n = (iVo*/o + f2+Pw,^h, V/3 € ^o'(^^)- 
Thus, since the function q is defined up to a constant, we can suppose that 



qL = N^fo+p^ = -f2 + A^u- / AW G L2(0). 



(73) 



Let us denote by Q : -ffy^(il) i-> X the mapping r H- Vg, where g € H^{0) 
solve the problem 



Ag = in O, 



5n 



0, g 



r. 



Let 



X = {ti G X : 7„n = (n,n)| G ^2(1^)} 



equipped with the graph norm \\u 



|2_ 



\u\\'q + ||7„u||q. It is obvious that 



the trace operator 7„ is bounded from X into L^(il). One can see from 
calculations on smooth functions that 



{Gf,Tp)o = / q{'ijj,n)dS = I r{ip,n)dx', ^tpeX. 
J do Jn 

and therefore 



(74) 



Consequently the operator T = Gjn can be extended to a bounded operator 
on X. Moreover, by (|74p T is nonnegative. With this operator T using the 
fact that that /2 = 7n/o we can write (I72p in the form 



A^n 



A'^tidx' 



/o + r/o = P5[-i^At;] + a 
This leads to the following description of the generator A: 

&{A) = \{v;u;w) G H 
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and 



A 



—w 

We can also write the operator A in the form 





V 






A 


u 




—w 




w 
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